Coupling between static friction force and torque 
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We show that the static friction force which must be overcome to render a sticking contact sliding 
is reduced if an external torque is also exerted. As a test system we study a planar disk lying on 
horizontal flat surface. We perform experiments and compare with analytical results to find that the 
coupling between static friction force and torque is nontrivial: It is not determined by the Coulomb 
friction laws alone, instead it depends on the microscopic details of friction. Hence, we conclude 
that the macroscopic experiment presented here reveals details about the microscopic processes lying 
behind friction. 
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I. INTRODUCTION 



Although the scientific investigation of friction started 
several hundred years ago with the first quantitative ex- 
periments by Leonardo da Vinci [l| , our knowledge about 
the microscopic basis for friction is surprisingly incom- 
plete. This applies in particular to the onset of sliding, 
i.e., the transition from static to dynamic friction. For ex- 
ample, it is an open question whether the contact points 
give way simultaneously or sequentially on a certain time 
scale HQ. 

Recently significant progress in this direction was made 
by Rubinstein et at, who have used fast photo arrays in 
order to monitor the dynamics of contact points at the 
onset of sliding |4|. Pushing a plexiglass slider linearly 
they find that the contact points give way in a sequence 
which travels from the trailing to the leading edge of the 
block. The front moves initially with half of the surface 
wave speed, then accelerates, and finally splits up into a 
sub- and an intersonic front. Although the dynamics of 
front propagation is not yet fully understood, these ex- 
periments show that the time scale on which the contacts 
give way is very short. 

In this paper we study the interplay of translation and 
rotation at the onset of sliding both experimentally and 
theoretically. To this end we exert simultaneously a force 
and a torque on a planar disk lying on a flat surface. Since 
translational and rotational static friction have the same 
microscopic origin they are mutually coupled. In partic- 
ular, the critical force at the onset of sliding and spinning 
turns out to depend on the torque and vice versa. We 
argue that this critical line of forces and torques, where 
the disk starts moving, reveals information about the mi- 
croscopic dynamics, which is not as easily accessible in 
experiments using linearly moving sliders. 

The interplay of force and torque for a sliding disk was 
studied previously in Refs. 0,00- ^ was shown that 
the sliding friction of a circular disk is reduced if the 
contact is also spinning with relative angular velocity to 
- a phenomenon which plays an important role in various 



games such as curling or ice hockey dH [13 ■ It turns out 
that this reduction depends on the dimensionless ratio 
e = v/ujR, where R denotes the radius of the disk and 
v is the tangential relative velocity at the center of the 
contact area. Based on the Coulomb friction law one 
obtains a sliding friction force 



|F| = HdNf(e) 



and a friction torque 



(M A NRT(e), 



(1) 



(2) 



where fj.^ is the dynamic friction coefficient and N is the 
integrated normal force acting on the contact area. Apart 
from the limit of pure sliding e — > oo, where T — > 1, the 
functions T{e) and T[e) depend on the pressure distribu- 
tion across the contact area 0, 0] . Assuming uniform 
pressure over the area of the disk these functions have 
been evaluated analytically, describing the coupling of 
force and torque of a circular disk in the sliding case 0. 

Turning to static friction let us now consider a rest- 
ing disk. Applying simultaneously a torque and a force 
we are interested in the thresholds (F c , T c ) at which the 
disk starts moving. Our daily experience tells us that 
if we want to move a heavy object across the floor it is 
easier to do so if we apply a torque to it while pushing. 
But how are these quantities, force and torque, exactly 
related? The aim of this paper is to determine this re- 
lation experimentally and to study possible theoretical 
implications with respect to the microscopic aspects of 
friction. 

Regarding the microscopic dynamics, the advantage of 
friction experiments involving rotational degrees of free- 
dom lies in the fact that stresses at the contact points of 
the surface with the underlying support are not evenly 
distributed under simultaneous action of a torque and a 
force. Therefore, the question arises as to how sliding 
and spinning set in. Intuitively one may think of two 
possible scenarios: 

(a) When the threshold is reached at those microcon- 
tacts where the local stress is maximal, these con- 
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tacts may break irreversibly. After breaking the 
released stress is distributed among the remaining 
microcontacts. As some of these contacts cannot 
sustain the increasing stress anymore and break, an 
avalanche-like process sets in so that eventually all 
contacts break and the whole disk begins to move. 

(b) As a different scenario, the broken microcontacts 
may immediately rearrange themselves to form new 
contacts, redistributing the released stress over the 
remaining and the newly formed contact points. 
This microscopic stick-slip creeping continues until 
all contact points self-organize in such a way that 
they sustain approximately the same stress. There- 
fore, by increasing the external force or torque, all 
microcontacts of a perfectly rigid slider reach the 
threshold of detachment simultaneously. 

We note that experiments such as those of Rubinstein 
et al. 3 , which do not involve rotational degrees of free- 
dom, cannot easily discriminate between the two scenar- 
ios. Although the existence of propagating fronts in these 
experiments seems to favor scenario (a), the high propa- 
gation velocity indicates that these fronts may be caused 
by the inherent elasticity of the slider, leading to slightly 
higher stresses of the microcontacts at the trailing edge. 

In the following section we report on experimental re- 
sults for a disk subjected to an external force and torque, 
determining the critical line at which spinning and slid- 
ing set in. In Section IIIII we study simple microscopic 
models based on the two scenarios described above in 
order to calculate the critical line analytically. It turns 
out that for the avalanche scenario (a) a linear depen- 
dence is found while in the second case (b) a nontrivial 
curve is obtained. Thus the two scenarios lead to a dif- 
ferent measurable macroscopic coupling between static 
force and torque. Comparing these results with the ex- 
perimental data we can rule out scenario (a) while we 
find convincing agreement with scenario (b). Finally, in 
Section|W]we discuss the dynamics of a disk shortly after 
the onset of sliding. 



II. EXPERIMENTS 

In order to determine the critical line of detachment we 
performed a series of experiments where a pulling force 
and a torque were applied simultaneously to a slider on 
a horizontal surface. 

Most of the experiments were carried out using circular 
disks made of different materials with radii ranging from 
R = 149 to R = 160 mm and masses ranging from 324 
to 2, 278 g. All disks had mechanically polished surfaces 
and were provided with small hooks along the perime- 
ter (see Fig. ^| from which they could be pulled. To 
measure torques and forces each disk was placed on a 



F 




- K 



FIG. 1: Schematic view of the experiment: a uniform disk of 
radius R lies on a flat horizontal surface and is subject to an 
applied torque T = 2RK and force F. 




F / ^i s N 

FIG. 2: Measured values of torque and force for a wooden 
(+) and plastic (□) disk as a function of the dimensionless 
variables T = F/fj, a N and T = T/fi s NR, The dashed and 
solid lines represent the theoretical predicitions for scenarios 
(a) and (b), respectively (see text for details). 

fixed and macroscopically flat horizontal surface covered 
with carpet. Carpet-covered tracks guarantee a more 
uniform pressure distribution over the contact area and 
have been used successfully in other friction experiments 
before 0, El • Force meters were then attached to the 
disks through hooks. 

Once the disk was placed on the surface a torque was 
applied (as indicated in Fig. Q by the force pair K and 
— K). The disk was slowly pulled until it started moving. 
The force meters were set to register the maximum ap- 
plied pulling force F c . For each fixed value of the torque 
a set of maximum force readings were made. The experi- 
ments were repeated several times under similar temper- 
ature and humidity conditions. 

In Fig. |21 we present, for the sake of clarity, the results 
of two selected experiments using disks made of wood and 
plastic (disks of different materials such as brass or steel 
with different weights and sizes lead to similar results). 
The curves are parameterized in terms of the dimension- 
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less variables 



r 



VsNR 



(3) 



where N is the normal load, and fi s is the static fric- 
tion coefficient which is determined such that the average 
over the measurements, (T) = 1 at the threshold from 
sticking to sliding without torque. As can be seen, the 
experimental results are in excellent agreement with the 
theoretical prediction for scenario (b), which is shown as 
a solid line and will be derived in the following section. 

For small T the measurement described above is dif- 
ficult to perform since the applied torques are already 
close to their threshold value without additional applied 
force. Therefore, we inverted the procedure for small J-, 
i.e. forces were kept fixed and torques were varied until 
the critical threshold was reached. Control experiments 
confirmed that both types of measurement give compat- 
ible results within experimental error. 



III. THEORY 

In order to determine the static thresholds of force and 
torque analytically for the two scenarios described in the 
Introduction, let us consider a simple model in which the 
microcontacts below the threshold may be thought of as 
elastic springs. This means that external forces, which 
are too weak to let the disk slide, are compensated by 
tiny elastic deformations of microcontacts. These defor- 
mations cause a measurable recoil (translation Sy and 
rotation Sip), when the external forces are switched off. 
The recoil was observed by placing a small mirror on the 
surface of the disk and letting a laser beam reflect on it. 
The beam was project onto a screen a few meters away 
so as make the small displacements visible. 

The local displacement of a coarse grained surface el- 
ement of the disk at a distance r from the center can be 
expressed by 



u(r, ip) = Sy e y + r Sip e Vl 



(4) 



where Sy denotes the displacement of the disk and Sip 
is the rotation angle with respect to the center of the 
disk. We assume that in a coarse grained description the 
clastic restoring force per unit area is 



f(r) = -fcu(r) 



(5) 



In the case of a circular disk the external force and 
torque are given by 



F = - f d 2 rf(r), 

JreA 

T = - I d 2 rrx f(r), 

JreA 



(6) 
(7) 



where the integrals are performed over the area A of the 
disk. As long as the slider does not yet move, the local 
restoring forces integrated over the contact area compen- 
sate the external force F and the external torque T. 

We recall that combined translation and rotation of a 
rigid body in a plane can be interpreted at every moment 



as a pure rotation around a particular point ro 
(see Fig. OJ, so that 

u(r) = (e z x (r - r ))S(p. 



dip 



(8) 



For later convenience we introduce the dimensionless pa- 
rameter 



_ 5y 

R RSip 



(9) 



In what follows we assume that a microcontact breaks 
whenever the local elastic force |f(r)| exceeds the thresh- 
old /j, s p, where fi s is the static friction coefficient and 
p = N/ttR 2 is the lateral pressure. It is assumed that the 
pressure and the friction coefficient are constant through- 
out the contact area. 

a. First scenario: Breaking of the weakest microcon- 
tact. In this case the disk starts sliding as soon as there 
exists a contact point r which exceeds the threshold 
|f(r)| = \i s p triggering an avalanche in which all other 
points exceed the threshold, too. Obviously the point 
r = Re x at the border of the disk has the largest dis- 
placement so that it is the first to reach the threshold. 
Therefore, the critical rotation angle Sip c is given by 



Sip c 



kR{l + j) 



(10) 



Inserting this result into Eqs. JSJ) and JSJ, the force and 
torque thresholds, 10 and J7J), become 



7 



1 + 7 
1 1 



21+7 



fj, s Ne y 



H s NRe z 



(11) 
(12) 



The normalized torque threshold T = T c / p, s NR is there- 
fore a linear function of the normalized force threshold 
T = F c /p s N: 



(13) 



b. Second scenario: Collective breaking of mi- 
crobonds. The previous result is in marked contrast to 
the second scenario, where we assume that the forces per 
unit area, eq. (JHJ), relax and are redistributed among 
existing and newly formed microcontacts, thereby self- 
organizing into a state where virtually all surface ele- 
ments reach the threshold simultaneously. Since the di- 
rection of the displacement in a given point is always 
the same, we assume that the direction of the local force 
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FIG. 3: Geometry used to solve the equations for the cou- 
pling of forces and torques, r is the position of an infinites- 
imal element of the disk and ro the position vector of the 
instantaneous center of rotation O. 



u/|u|, does not change during this self-organization pro- 
cess, hence 



2 „ u ( r ) 



and 



VsP I d r 

IreA l u 



j2 U ( r ) 

VsP I d A r r x — — 
IreA u(r) 



(14) 



(15) 



Together with eq. (0J these integrals are exactly the same 
as in the sliding and spinning case One may write 
them in a more transparent way in terms of the previ- 
ously defined angle ip 



F c = fi s pe y 



d 2 r 



r cos <p — ro 



r£A 



r 2 _|_ r 2 _ 2rrp cos <p 



and 



2 r — rro cos ip 

MsP e z / d r — . 
IreA V r 2 + r 2 , - 2rr cos ip 



(16) 



(17) 



These integrals can be solved exactly and have been 
shown to depend on ro only through the dimension- 
less ratio 7 = Tq/R. The result for T = F c /fi s N and 
T = T c /fi s NR are 



Hi) 



2(1 + 7) 

37T7 



(l + 7 2 )^ 



+ (1 --yfK 



4(1 + 7) 



9tt 



(2-7 2 )^ 



+ (1 -ifK 




(18) 



(19) 



Here K and B are the complete elliptic integrals of the 
first and the second kind, respectively |l3|. Although 
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FIG. 4: Schematic plot of (normalized) friction force and 
torque. The upper curve marks the threshold, below which a 
static contact is maintained. The lower curve respresents the 
sliding case. See text for details. 



expressed in a more compact form, these two formulas 
coincide exactly with those for sliding friction 0, [T3 |. 
By varying 7 between and 00 they provide a parame- 
ter representation of the critical curve, which is shown in 
Fig. El Obviously, the curve is in agreement with the ex- 
perimental data, which renders the scenario of collective 
breaking as the phyiscally correct one. 



IV. ONSET OF SLIDING 



So far we studied the critical threshold from static to 
sliding friction. Let us now turn to the dynamics of the 
disk immediately after the onset of sliding. Fig. 0] shows 
the thresholds for the onset of sliding, F c /N = /i s J r (7) 
and T C /NR = /i s T(7), which lie on a curve parametrized 
by the recoil parameter 7 = 5y/R5ip. Siding friction and 
torque, on the other hand, are given by F/N = p,dJ-{e) 
and T/NR = p,dT(e) with a smaller friction coefficient 
fid < Ms and the motion parameter 



s = 



ujR 



(20) 



If the force F ext and torque T ext reach the threshold for 
the transition from sticking to sliding at a certain point 
7, the body starts moving, which in general means that 
it starts sliding and spinning. Hence the question arises, 
which value of e will be selected, in other words, what 
sliding friction and torque will be observed immediately 
after the transition from sticking to moving. 

The most plausible answer is that e will be given by 
the ratio of velocity and R times the angular velocity an 
infinitesimal time after the motion started, i.e. I|20() will 
be replaced by 



v 

Zr 



(21) 
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The acceleration is given by the difference between static 
and sliding friction 

mv = F c *t - HdNT{s) = N (/x s ^(7) - Md^)) , (22) 

where m is the mass of the slider. Similarly the angular 
acceleration is given by 

6^ = NR (MsT( 7 ) - MdT(e)) , (23) 

where is the moment of inertia. Inserting these equa- 
tions into 1)2 1H one obtains an implicit equation for the 
value of e which will be selected, if the threshold is 
reached at a given value of 7: 

mR? Ms T( 7 )- Md T( £ )' 1 ' 

It is useful to introduce two special values of e for the 
further discussion, which depend on the point 7 at which 
the threshold is reached. £1(7) E [0, 00) is defined by 

T(e 1 )=min(^T( 1 ),T(0)\ . (25) 

Similarly, £2(7) £ [0, 00) is defined by 

^(e2)smmfeF(7),l) . (26) 

As > and £ > 0, Ea.f^l implies that £(7) is 

selected from the interval 

ei(7) < £(7) < £2(7)- (27) 



V. CONCLUSIONS 

In this paper we studied both experimentally and the- 
oretically the coupling between static friction and torque 
for various disks in dry contact with a track. Our results 
indicate that before the onset of sliding broken micro- 
contacts between slider and track rearrange themselves to 
form new contacts, releasing the stresses over the remain- 
ing contacts and the newly formed ones. Redistributing 
the stresses the system self-organizes until all contacts 
sustain approximately the same stress. Therefore, as the 



force and torque are increased up to the threshold, all 
coarse-grained surface elements reach their detachment 
thresholds simultaneously and the slider moves. 

Recent experiments by Rubinstein et al. 4] using pho- 
toarrays to detect the time evolution of the contact area 
between a pexiglass slab and a track of the same mate- 
rial as the threshold is reached indicate that, in the pres- 
ence of a pushing force only, the process of detachment 
is accompanied by a series of propagating cracks with 
three different velocities. The one which propagates most 
slowly is the dominant mechanism for detachment. These 
experiments indicate that an avalanche-like detachment 
scenario takes place at the transition from static to slid- 
ing friction, in contradistinction to the previous discus- 
sion. 

We propose that these results can be reconciled with 
our findings by considering elastic deformations of the 
slider. In our experimental setup the disk could be re- 
garded as macroscopically rigid, whereas the pexiglass 
slab used in Q may show local stress building up at the 
trailing edge when being pushed. This could be checked 
experimentally by pulling at the leading edge instead of 
pushing at the trailing one. It would be interesting to see, 
whether the detachment fronts then move in the opposite 
direction. 

We believe that a system under the simultaneous ac- 
tion of a force and a torque represents a favorable ex- 
perimental setup, since each microcontact is subject to a 
different displacement, which is not the case when only 
a force is applied. Therefore it would be interesting to 
investigate the problem described in this paper with the 
technique of Rubinstein and coworkers. In particular, 
how would the propagation of cracks appear in a circular 
geometry? 

The disk geometry we use might seem rather special. 
However, the concepts presented in this paper can be 
generalized straightforwardly to other contact geometries 
as well. An example is given in |l5j. where a tripod 
instead of a disk is considered. 

The authors would like to thank E.Magyari and H. 
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version for the formulae of T and T . This project was 
partially supported by project SFB 445 Nano-Particles 
from the Gas Phase of the DFG. 
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